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Abstract We show that if G is a simple triangle-free graph with n ≥ 3 ver-
tices, without a perfect matching, and having a minimum degree at least n−12 ,
then G is isomorphic either to C5 or to Kn−1
2
,
n+1
2
.
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1 Introduction
We consider finite undirected graphs that do not contain loops or multiple
edges. Let V (G) and E(G) denote the sets of vertices and edges of G, respec-
tively. The degree of a vertex v ∈ V (G) is denoted by dG(v) and the diameter
of G by diam(G). For a graph G, let δ(G) and ∆(G) denote the minimum
and maximum degree of G, respectively. For n ≥ 3, let Cn denote the cycle of
length n. The cycle C3 is called a triangle. For m,n ≥ 1, let Km,n denote the
complete bipartite graph one part of which has m vertices and the other part
n vertices. Terms and concepts that we do not define can be found in [6].
It is well-known that triangle-free graphs play an important role in graph
theory. One of the first results concerns triangle-free graphs is the following
theorem of Mantel [4].
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Theorem 1 If G is a simple triangle-free graph with n vertices and m edges,
then
m ≤
⌊
n2
4
⌋
.
Note that the upper bound in Theorem 1 is sharp for the complete bipar-
tite graph K⌊n
2
⌋,⌈n
2
⌉. Moreover, K⌊n
2
⌋,⌈n
2
⌉ is a unique graph with ⌊
n2
4 ⌋ edges.
Clearly, every bipartite graph is a triangle-free graph. On the other hand, in
1974, Andra´sfai, Erdo˝s and So´s [1] found the minimum degree condition which
forces a triangle-free graph to be bipartite.
Theorem 2 If G is a simple triangle-free graph with n vertices and δ(G) >
2
5n, then G is bipartite.
Also, a similar result for triangle-free graphs was obtained by Erdo˝s, Fajt-
lowits and Staton [2] in 1991.
Theorem 3 If G is a simple triangle-free graph with no three vertices having
equal degree, then G is bipartite.
In 1989, Erdo˝s, Pach, Pollack and Tuza [3] investigated the connection
between the diameter and minimum degree of connected triangle-free graphs.
In particular, they proved the following
Theorem 4 If G is a connected triangle-free simple graph with n ≥ 3 vertices,
and δ(G) ≥ 2, then
diam(G) ≤
⌈
n−δ(G)−1
2δ(G)
⌉
.
In this short note we prove that if G is a simple triangle-free graph with
n ≥ 3 vertices, without a perfect matching, and having a minimum degree at
least n−12 , then G is isomorphic either to C5 or to Kn−12 ,
n+1
2
.
2 The main result
Theorem 5 Let G be a graph on n ≥ 3 vertices satisfying the conditions:
(a) δ(G) ≥ n−12 ;
(b) G has no perfect matching;
(c) G is triangle-free.
Then G is either C5 or Kn−1
2
,n+1
2
.
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Proof First of all, note that by (a) and the well-known result due to Ore [5],
we have that G has a hamiltonian path. Now, since by (b) G has no perfect
matching, we deduce that n is odd.
Let us show that ∆(G) ≤ n+12 . Suppose that ∆(G) ≥
n+3
2 , and let u be a
vertex of maximum degree in G. Let v1, . . . , vk be the neighbours of u. Note
that k ≥ n+32 . Now, let u1, . . . , ul be the remaining vertices of G. Note that
l = n− k − 1 ≤ n− n+32 − 1 =
n−5
2 .
Now, (a) implies that dG(v1) ≥
n−1
2 . Since l ≤
n−5
2 , there should be an
edge v1vi ∈ E(G), where 2 ≤ i ≤ k. This contradicts (c), since u, v1, vi form a
triangle of G. Thus, ∆(G) ≤ n+12 .
Next, let us show that if ∆(G) = n+12 , then G is isomorphic to Kn−12 ,
n+1
2
.
Suppose that ∆(G) = n+12 , and let u be a vertex of maximum degree in G. Let
v1 . . . , vk (k =
n+1
2 ) be the neighbours of u, and let u1, . . . , ul be the remaining
vertices of G. Note that
l = n− k − 1 = n− n+12 − 1 =
n−3
2 .
Let us show that for each 1 ≤ i ≤ k and 1 ≤ j ≤ l, viuj ∈ E(G).
Suppose not, that is, assume that for some i and j, viuj /∈ E(G). Since by (a)
dG(vi) ≥
n−1
2 , there is an edge vivp ∈ E(G), which is a contradiction, since
u, vi, vp form a triangle of G. Thus, any vi (1 ≤ i ≤ k) is adjacent to any uj
(1 ≤ j ≤ l). Note that by (c), there can be no edge among vertices v1, . . . , vk.
Also, note that there is no edge among u1, . . . , ul, since dG(uj) ≥ k =
n+1
2 and
∆(G) = n+12 by assumption. Now, it is not hard to see that G is isomorphic
to Kn−1
2
,
n+1
2
.
Thus, it remains to consider the case ∆(G) = n−12 , and to show that G
is isomorphic to C5. Suppose that ∆(G) =
n−1
2 . (a) implies that G is an r-
regular graph of degree r = n−12 . Since n is odd, we have that r is even. Let
us show that r = 2. Suppose that r ≥ 4. Choose any edge uv ∈ E(G), and let
u1, . . . , ur−1 and v1, . . . , vr−1 be the other (6= v and 6= u) neighbours of u and
v, respectively. Note that (c) implies that {u1, . . . , ur−1}∩ {v1, . . . , vr−1} = ∅.
Let w be the remaining vertex of G.
Suppose that w is adjacent to k vertices from {v1, . . . , vr−1}, where 1 ≤
k ≤ r − 1. We can assume that these vertices are v1, . . . , vk. Then w must
be adjacent to r − k vertices from {u1, . . . , ur−1}. Again, we can assume that
these vertices are u1, . . . , ur−k.
Note that since r ≥ 4, we have that either k−1 < r−2 or r−1−k < r−2.
Suppose that k− 1 < r− 2. Consider the vertex v1. Note that if v1 is adjacent
to one of v2, . . . , vr−1, then we will have a triangle in G contradicting (c),
therefore, we can assume that v1 is adjacent to none of v2, . . . , vr−1. Since
k − 1 < r − 2, there is an edge v1uj ∈ E(G), 1 ≤ j ≤ r − k. Now, note that
w, v1 and uj form a triangle, which contradicts (c).
Similarly, suppose that r − 1 − k < r − 2. Consider the vertex u1. Note
that if u1 is adjacent to one of u2, . . . , ur−1, then we will have a triangle in
G contradicting (c), therefore, we can assume that u1 is adjacent to none of
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u2, . . . , ur−1. Since r− 1− k < r− 2, there is an edge u1vj ∈ E(G), 1 ≤ j ≤ k.
Now, note that w, u1 and vj form a triangle, which contradicts (c).
Thus, r = 2. Since n = 2r + 1, we imply that G is isomorphic to C5. The
proof of the theorem is completed.
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